A variational model is used to study the stability of a soap film spanning a flexible loop. The film is modeled as a fluid surface endowed with constant tension and the loop is modeled as an elastic rod resistant to both bending and twist. The first and second energy variations of the underlying energy functional are derived, leading to governing equilibrium equations and stability criteria. The latter criteria are employed to explore the stability of flat circular configurations with respect to planar and transverse perturbations. Experiments are performed to study post-buckled configurations and to explore the validity of the theoretical predictions. Imparting a twist to the bounding loop destabilizes flat circular loops which are short-enough to be stable when twist-free. Nevertheless, when the circular disk is perturbed merely radially or merely transversely, the stability condition is indifferent to twist. By the equilibrium equations, the twisting angle of a planar equilibrium configuration should be distributed uniformly along the loop. The stability criteria guarantee that this uniformity is preserved after buckling. The stability with respect to increasing the surface tension of the film or the length of the loop is sensitive to the cross-sectional thickness of the bounding loop. However, stability with respect to increasing the total twist is indifferent to that thickness.
Introduction
The thread problem posed by Alt [1] concerns minimal surfaces bounded by loops consisting of rigid and flexible but inextensible segments of prescribed lengths. The specialization of this problem that arises on by omitting the rigid segments of the bounding loop was first considered by Bernatzki and Ye [2] , who modeled the film as a surface with uniform freeenergy density and the bounding loop as a curve with bending-energy density quadratic in Following Giomi and Mahadevan [3] and Mora et al. [9] , who considered a soap film spanning a loop of fishing line as a possible experimental realization of the Euler-Plateau problem, experiments have been performed with fishing lines of various lengths, bending rigidities, and twist densities. This makes it possible to explore the dimensionless parameters which control the stability of equilibrium configurations. The effect of twist, which was neglected in previous experiments is taken into account, and qualitative observations are supplemented by quantitative analysis.
The remainder of the paper is organized as follows. After introducing necessary geometrical quantities, notation, and assumptions in Section 2, the basic variational problem and the Euler-Lagrange equations that apply in the interior of the surface and on the boundary are summarized in Section 3. The stability conditions are provided in Section 4. The derived stability conditions are used to analyze stability of a circular planar configuration in Section 5. Experimental procedures and results appear in Section 6, followed by concluding remarks in Section 7. A detailed account of the calculations leading to the first and second variation conditions is contained in the Appendix.
Preliminaries

Differential geometry and Kinematics
Following Biria and Fried [4] , a soap film spanning an elastic closed rod is modelled as a fluid membrane with midsurface S, the boundary ∂S of which coincides with the centerline C of the rod:
as illustrated in Figure 1 . The midsurface S is assumed orientable, with a unit normal field m, which on denoting the surface divergence on S by div S delivers an expression
for the mean curvature H of S. The rod is characterized in line with the special Cosserat theory (see for example Antman [10] for a modern formulation), in which the basic kinematical descriptor is an orthonormal triad {d 1 (s), d 2 (s), d 3 (s)} of directors defined at each value s of the arclength along C. For an inextensible and unshearable rod, the normal d 3 to each cross-section coincides with the unit tangent vector t to C, so that
Further, the remaining directors d 1 and d 2 lie in the plane of the Frenet unit normal n and unit binormal b to C. It follows that d 1 and d 2 must be determined by a single degree of freedom in the cross-section of the rod, namely the angle ψ needed to rotate them into n and b; thus, d 1 = (cos ψ)n + (sin ψ)b, Further, the rod is endowed with a triad {d 1 , d 2 , d 3 } of orthonormal directors, the first two of which reside in the normal cross-section of the rod and the third one is tangent to C. A vector field ξ maps the interior and the edge of a disk of unit radius to S and C accordingly, consistent with (34) and (35).
The curvature κ and torsion τ of C are defined in accord with the relations κ = |t | and
where a prime denotes differentiation with respect to the arclength. By the Frenet-Serret relations t = κn,
and (4), the strain vector u defined by
takes the particular form
Using (4) in (8) and introducing the twist density
leads to a simplified representation for u relative to the Frenet frame:
Relative to the normal and binormal elements n and b of the Frenet frame of C, the restriction of m to C and the unit tangent-normal vector to S along C given by ν = t × m admit decompositions of the form m = (cos ϑ)n + (sin ϑ)b,
where ϑ is the contact angle considered by Giomi and Mahadevan [3] . Another quantity of interest defined on C is the curvature vector defined by
Constitutive assumptions
The soap film is assumed to have uniform surface tension
In addition to being inextensible and unshearable, the bounding loop is assumed to be isotropic and hyperelastic, with strain energy-density function W quadratic in the components of the strain vector u but of the particular form
where a and c represent uniform bending and torsional rigidity of the bounding loop respectively. Granted the aforementioned assumptions, (8), (9) , and that gravitational effects are negligible, the net free-energy E of the system takes the form
The first and second terms on the right-hand side of (15) are referred to as the lineal and areal contributions to E, respectively. A circular loop with length 2πR and uniform twist density Ω that is spanned by a flat circular disk can be regarded as a ground state of the system. For any such ground state, (15) specializes to yield an expression
for the ratio of the net free-energy E to the net bending energy πa/R of the bounding loop. Inspection of (16) reveals the potential significance of three dimensionless parameters:
While χ measures the importance of the torsional rigidity c relative to that of the flexural rigidity a, µ combines χ with the dimensionless twist density RΩ. Further, η measures the importance of the areal free-energy πR 2 σ relative to that of the lineal bending-energy πa/R and in the absence of twist is the only dimensionless parameter of consequence. Notice that, in contrast to χ and η, which must be positive by (13) and (14) , the sign of µ is unrestricted.
Euler-Lagrange equations
First-variation
Consider an infinitesimal virtual displacement of S to S ε , with ε > 0 being a small, dimensionless parameter. Let ε denote the corresponding value of a quantity defined on S or its boundary C. The variation δ of is then given by
Let r provide an arclength parametrization of C, so that r = t. On defining the variations
of r and the twist angle ψ, the first δF variation of F is
where γ is a Lagrange multiplier needed to ensure the inextensibility of C. With the expressions (A.27), (A.33), and (A.17) for κδκ, ΩδΩ, and δ S σ provided in the Appendix, an integration by parts, and, since C is closed, the periodicity of κ, Ω, γ, and ι, (20) becomes
Equilibrium conditions
For the system to be in equilibrium, the first-variation condition,
must be satisfied. Suppose that v has compact support about a point interior to S and that ι vanishes on C. Then, applying (22) to (21) yields the areal equilibrium condition,
familiar from the classical Plateau problem. The condition (23) represents the component of force balance in the direction normal to S.
With (23), the areal contribution to (21) vanishes, reducing it to
Since the restriction of v to C and ι may be chosen independently on C, suppose that the restriction to v to C vanishes and that ι has compact support about a point on C. Applying (22) to (24) then yields a lineal equilibrium condition,
representing the tangential component of moment balance on C. Suppose, finally, that the restriction of v to C has compact support about a point on C. Then, applying (22) to the reduction
of (24) implied by (25) yields an additional lineal equilibrium condition,
representing force balance on C. Notice from (27) that −aκ + cΩκb − γt is the distributed resultant internal force of C and that −σν is the distributed external force, per unit length, exerted by S on C. By the Frenet-Serret relations (6) and the definition (12) of the curvature vector κ, the resultant internal force of C becomes
from which it is evident that twist generates an internal force binormal to C. In view of the Frenet-Serret relations (6) and the representation (11) 2 of the tangentnormal vector ν, and the moment equilibrium condition (25), isolating the components of (27) in the directions tangent, normal, and binormal to C results in a system,
of scalar equilibrium conditions, in which β is a constant and ϑ is the contact angle defined in (11) . The equilibrium conditions (29) coincide with equations derived previously by Biria and Fried [4] as a consequence of a vectorial equilibrium condition arising in the context of a parametrized description akin to that utilized in Section 5. For σ = 0, the external force acting on the boundary vanishes and, hence, (29) 2 and (29) 3 specialize to the Euler-Lagrange equations for Kirchhoff elastic rods, as developed by Langer and Singer [11] . Additionally, for the degenerate case Ω = 0, (29) 2 and (29) 3 reduce to the equilibrium equations obtained by Giomi and Mahadevan [3] . Finally, notice that ϑ = π/2 and τ = 0 for a planar configuration, in which case (29) 3 is satisfied trivially and (29) 2 reduces to
which is equivalent to an equation governing the equilibrium of a uniformly pressurized elastic tube considered by Antman [12] . Analytical solutions of (30) have been obtained by Watanabe and Takagi [13] and Djondjorov, Vassilev and Mladenov [14] .
Stability condition
A solution to equilibrium equations (23), (25), and (27) is stable if it renders the second variation δ 2 E of the net free-energy E nonnegative:
In view of the expression (24) for δE, the identities (A.18), (A.21), (A.41), and (A.46) established in the Appendix yield
Using the equilibrium conditions (23), (25), and (27) to reduce (32) and invoking an additional identity (A.48) from the Appendix yields a simplified expression for δ 2 E and delivers the stability condition (31) in the form
Stability analysis
Follow Biria and Fried [4] by supposing that S admits a parametrization of the form
where R is the radius of a circle with perimeter equal to the length of C and ξ is a fourtimes continuously differentiable, injective mapping defined on the closed unit disk. In view of the assumption (1) that ∂S and C coincide, the surface parametrization (34) induces a parametrization
of C, whereby, due to the lineal inextensibility constraint, the restriction of ξ θ to r = 1 must satisfy
Granted (35) and (36), the curvature, torsion, and twist denisty of C admit representations
, and
On introducing the dimensionless free-energy Φ = RE/a and the variation
Furthermore, the parameterized versions of the first-variation condition (24) and the stability condition (33) are
and
Notice that on setting χ = 0 (and consequently, by (17) 2 , µ = 0), the stability requirement (41) reduces to that of the Euler-Plateau problem, as presented by Chen and Fried [8] .
Notice that the areal term involves the first partial derivatives of both ξ and u. However, the partial derivatives of ξ are incorporated in the lineal terms only if twist is taken into account. On neglecting the torsional effects by setting χ = 0, only partial derivatives of the variation u appear in the lineal contribution to (41). This implies that the ground state is more strongly sensed by the boundary when twist is taken into account. Let e and e ⊥ denote, respectively, the radial and transverse basis vectors associated with the coordinates r and θ. Biria and Fried [4] showed that for any given constant value of ψ θ , a planar disk bounded by a circle of unit radius, with ξ and γ given by ξ(r, θ) = re and
renders the right hand of (40) zero and, thus, provides a trivial solution to the EulerLagrange equations. For a generic perturbation
of the trivial solution (42) subject to the requirements
of inextensibility, the stability condition (41) requires that
and that
Recalling that, in the absence of torsion, the equilibrium equation (25) implies that the twist angle changes uniformly along the curve. The stability requirement (45) further guarantees the preservation of this uniformity after buckling to another stable equilibrium configuration. As a consequence of (46), the radial and vertical perturbations v and w are coupled through the parameter µ. Purely radial and purely vertical perturbations, for which (46) reduces to the stability condition investigated by Chen and Fried [8] , are therefore indifferent to the dimensionless parameter µ associated with twist. The radial and vertical perturbation components w and v admit Fourier expansions
which when substituted into (46) 2 gives
The second term on the left-hand side of (48) can be rewritten in accord with
which, since the integrability of (a 2 n (r) + b 2 n (r))/r 2 implies that a n (0) = b n (0) = 0, leads to an alternative form,
for the stability condition. Since η is positive, the first two terms on the left-hand side of (50) are always nonnegative. Therefore, for (50) to hold, it is sufficient to satisfy the inequalities
for each n ≥ 1. The left-hand sides of (51) and (52) are quadratic forms corresponding to matrices with the same traces and determinants. These quadratic forms are positive semidefinite if
or, equivalently, since n ≥ 1, if
Since n ≥ 1, the sign of left-hand side of (55) 2 hinges on the sign of p(η; n, µ), which depends quadratically on η. Since η and the discriminant of the relevant quadratic are both positive,
where the roots η + and η − of p(η; n, µ) are given by
Since η − ≤ n 2 − 1 and η + ≥ n 2 − 1, the intersection of conditions (55) 1 and (57) gives the stability criterion
Since η must be positive, notice that the stability criterion (59) holds only if η − ≥ 0, or equivalently if
To summarize, the circular disk is a stable equilibrium solution if µ, η, and n satisfy
The first mode that becomes unstable is n = 2, for which the corresponding stability region is demonstrated in Figure 3 . For η = 0, (61) specializes to the stability criterion µ 2 < 3 of Michell [15] for twisted rings. Moreover, for µ = 0, (61) specializes to the stability criterion η < 3, in agreement with results of Giomi and Mahadevan [3] and Chen and Fried [8] for the Euler-Plateau problem. Twisting the bounding loop destabilizes certain otherwise stable planar, circular solutions, whereby the collection of stable parameter combinations is smaller than that arising in the absence of twist. Additionally, the force exerted by surface tension makes a circular loop less stable with respect to twist, leading to buckling at values of twist below the critical twist of Michell [15] . The region of stability shown shaded. In the absence of the soap film, the stability criterion will reduce to − √ 3 ≤ µ ≤ √ 3, i.e. that of Michel's problem [15] . In the other hand, in the absence of twist, the stability criterion 0 < η ≤ 3 of the Euler-Plateau problem (Giomi and Mahadevan [3] , Chen and Fried [8] ) is recovered.
Comparison with Experiments
Eperimental Procedure
To explore the validity of the theoretical stability results, experiments with elastic loops spanned by soap films were performed. A mixture of 245 mL distilled water, 5 mL commercial soap (from the brand Dawn), and 45 mL Glycerin was used to make the soap solution. The surface tension of the solution was measured using pendant drop method by means of an optical tensiometer (Attension Theta from Biolin Scientific), to be σ = 24.0 ± 0.1 mN/m. For the elastic loops, fishing lines made of PVDF fluoropolymer, with thicknesses of 0.178, 0.229, and 0.279 mm were used. Vingogradov and Holloway [16] have reported values of the Poisson ratio of PVDF fluoropolymer in the range 0.33-0.35. Various values for the Young's modulus of PVDF fluoropolymer can be found in the literature: Thongsanitgarn, Watcharapasorn and Jiansirisomboon [17] reported a value of 1.52 GPa; Vingogradov and Holloway [16] reported a value of 1.87 GPa; Linares and Acosta [18] reported a value of 2 GPa; and Sakakibara et al. [19] reported values in the range 2.5-2.7 GPa. The Young's modulus of the line used in our experiment was measured from a tensile test using an Instron 5566 Universal Testing Machine. Samples of thickness 0.229 mm were held fixed between the grips with a gauge length of 20 cm and were stretched at a loading rate of 200 mN min −1 . Given the initial length of the filament, the strain data were constructed from the extension data. Also, using the thickness of the filament and assuming that its cross section is uniform and circular, the stress data was generated from the load data (see Table 1 ). Finally, the Young's modulus E that resulted from the slope of the linear region of the stress-strain diagrams was found to be 2.29 ± 0.04 GPa.
Segments of fishing-line with given lengths were held fixed at one end with an alligator clip and their free ends were twisted using a hand-drill, which was fixed on a protractor (see Figure 3 ). The total angle of twist, denoted here by Ψ, was read from the protractor and subsequently the ends were glued together. This procedure allowed for the fabrication of loops of given length L = 2πR and twist density Ω = Ψ/L. The number of teeth of the driver gear of the hand-drill were 3 times those of the driven gear, leading to an absolute error of 3
• for the total twisting angle measurement. For different net twisting angles, loops of lengths varying in the intervals of 0.5 cm were made and dipped into the solution, and the size at which the loop buckled out of plane from a circle was recorded. As a consequence of this procedure, the critical radius at which buckling occurs was determined within an error of 1 mm. To facilitate visualization under UV light, Fluorescein was added to the soap film for capturing representative configurations. Measurements confirmed that this does not tangibly alter the surface tension of the soap solution. Figure 4 shows representative configurations for different range of dimensionless parameters. Non-twisted, sufficiently small loops form circular soap films (Figure 4(a) ). Increasing the length of the loop after a certain length however, makes the circular configuration unstable, changing smoothly to a shape resembling an ellipse (Figure 4(b) ). With further increases of the length of the loop, the ellipse-like shape elongates and necking occurs (Figure 4(c) ), leading finally to a point of self-contact and a dumbell-like shape. With still further increases in the length of the loop, the point of self-contact expands to a line of self-contact (Figure 4(d) ). Imparting a twist to the loop destabilizes the circular configuration for loops which are small enough to be stable with respect to ellipse-bifurcation in the absence of the twist. The bounding loops in Figures 4(e) -(h) all have the same length as the planar circle depicted in Figure 4 (a). Nevertheless, twisting the bounding loop renders it unstable and is manifested by buckling to a saddle-shaped configuration (Figure 4(f) ). With further twisting of the bounding loop, the saddle becomes increasingly non-planar and finally collapses to a twisted figure-eight (Figures 4(g)-(h) ).
Experimental Results
On repeating the experiment with a twist-free but thinner fishing line of the same material, buckling from a circle to an ellipse was found to occur at a critical length of the loop smaller than that found for thicker fishing line. Also, the critical length of the loop at which a point of self-contact developed was found to decrease with decreasing thickness of the fishing lines. Nonetheless, the buckling due to twisting in the form pictured in the second row of Figure 4 was not sensitive to the thickness of the bounding elastic loop. To understand these observations, consider the dimensionless parameters η, χ, and µ defined in (17) . For a circular rod with diameter d, the bending rigidity is given by
with E the Young's modulus and I the second area moment, while the torsional rigidity is given by
with J the polar moment of inertia and G the shear modulus. Whereas a change in the cross-sectional diameter of the loop changes the dimensionless parameter η through bending rigidity a, neither χ nor µ depends on d, since a and c both scale with d 4 . However, the the ratio χ = c/a of the torsional rigidity to the bending rigidity does depend on the Poisson's ratio ν of the selected material through
To estimate χ for the filaments used in the experiments, the total twisting angle at which a loop buckled out of plane in the absence of soap film was measured for fishing lines with different cross-sectional diameters, leading to a mean value Ψ = (4.7 ± 0.1)π for the critical total twisting angle. Using Michel's [15] formula for the critical twist density, namely Ψ = 2πRΩ = 2π √ 3a/c, yields χ = 0.737 ± 0.015. This value corresponds to a Poisson's ratio of 0.35 ± 0.02, which is in good agreement with the ratio reported for PVDF polymer by Vinogradov and Holloway [16] .
The bending rigidity of the fishing lines used in the experiments can be calculated from substituting the thickness and measured value of the Young's modulus E in (62), giving a value of (3.09 ± 0.11) × 10 −7 Nm 2 . Both the measurement of the Young's modulus and the relation (62) for the bending rigidity however, rely on the assumptions of uniformity and circularity of the cross-section of the fishing lines used in the experiments. This motivated us to perform an alternative direct measurement of the bending rigidity to determine whether these assumptions are reasonable. For that purpose, twist-free loops spanned by soap films were made, and the boundary perimeter was increased until a point of self-contact was reached. The procedure was repeated with elastic filaments of the same material but with two different thicknesses, and the critical lengths leading to self-contact were recorded. With the measured values of surface tension and Young's modulus, the obtained critical lengths correspond to a mean value of the dimensionless parameter η defined in (17) 3 equal to
The distinction between the value of η contact in (65) and the value η = 3 at which Giomi and Mahevan [3] and Chen and Fried [8] predicted that buckling from a flat circular configuration to a planar ellipse should occur seems unreasonably small. Djondjorov, Vassilev and Mladenov [14] determined the critical hydrostatic pressure that enforces self-contact in elastic rings and tubes. On neglecting the slight non-planarity of the configuration of the loop and the spanning surface at the onset of self-contact and considering the analogy between their problem and the planar version of the current problem evident from (30), their results can be used to advantage here. Based on their solution, self-contact in planar configurations of the current problem is expected at a critical value η contact = 5.247 (66) distinct from (65). This suggests that the previously measured bending rigidity, which resulted from substituting the Young's modulus obtained from a tensile test into (62), should be reduced by a multiplicative correction factor of 0.59, giving
Finally, the measured parameters for surface tension and the bending and twisting rigidities, together with the correction obtained above, were used to report the pairs of dimensionless parameters associated with the onset of instability for twisted elastic loops spanned by soap films. The result is depicted in Figure 5 in comparison with the theoretical prediction. The diagram obtained from the measured parameters follows the same trend as the theory. On applying the correction to the parameters, the experimental data agree also quantitatively with the analytical results. 
Conclusions
The stability of soap films spanning closed elastic rods of constant length was studied. The energy of the system consists of the surface energy of the soap film and the bending and twisting energies of the bounding loop. The first energy variation vanishes at equilibrium, giving the Euler-Lagrange equations. The stability of a given equilibrium configuration is an indicator of whether or not that configuration is indeed observable. Motivated by this, the stability criteria were derived from the second energy variation. Three dimensionless parameters enter the stability criteria. Of these, the parameter η is familiar from the EulerPlateau problem and measures the importance of the surface energy relative to the lineal bending. This parameter depends on the surface tension of the film and the length and the bending rigidity of the bounding loop. The second parameter χ indicates the relative importance of the torsional rigidity of the loop versus its bending rigidity. Finally a third and transverse perturbations. It was observed that in such a case, the second parameter χ controls stability only in combination with the dimensionless twist, through the parameter µ. The latter parameter couples the radial and transverse perturbations in the stability criterion. Accordingly, the two separate stability conditions obtained for the Euler-Plateau problem by Chen & Fried [4] merge into on condition. Only loops with twist densities less than the critical twist of Michell [15] are stable, when spanned by a soap film. Increasing either of the total twist of the bounding loop, the size of the loop, or the surface tension of the film, has a destabilizing effect on the circular disk.
Experiments were performed with fishing lines dipped into soapy water and removed from it, in order to get insight on the configurations arising from both small and large deformations, and on the stability of various equilibrium configurations. In the first group of experiments, no twist was imparted to the loops, and the effect of changing the parameter ν through varying the length of the bounding filament was studied. Non-twisted, smallenough loops form circular shapes, which with increasing the length of the loop and hence ν, deform into ellipse-like configurations. Further increasing the length leads to elongation and necking of the ellipse, finally leading to a point of self contact. This self-contact point expands to a line, when the parameter ν is increased even further. In the second group of experiments, the parameter ν was held fixed and the influence of changing the parameter µ was inspected. For µ = 0, the buckling analysis of Biria & Fried [5] predicted two groups of modes bifurcating from a circular disk, the first of which being circular saddle and elliptical saddle. Only the elliptical saddle was observed in the experiments though, suggesting that the circular saddle is not a stable mode. By imposing larger twist-densities to the bounding loop, this elliptical saddle buckles to a twisted figure-eight conformation. For the sake of quantitative analysis, various material and geometrical parameters determining ν and µ were 17 η µ parameter µ encompasses information of χ and and twist density of the loop. The obtained stability criteria were applied to examine the stability of a circular disc with respect to planar and transverse perturbations, in which case χ influences stability only in combination with the dimensionless twist density through the parameter µ. The latter parameter couples radial and transverse perturbations in the stability criterion. Accordingly, the two separate stability conditions obtained for the Euler-Plateau problem by Chen and Fried [8] merge to become a single condition. As might be expected, for a loop of given length and thickness spanned by a soap film, the critical twist density is bounded above by Michell [15] critical value for an unspanned loop. Increasing either of the total twist of the bounding loop, the size of the loop, or the surface tension of the film destabilizes a circular disk configuration. Experiments were performed with fishing lines dipped into soapy water and removed from it with the dual objective of gaining insight on configurations that arise from both small and large deformations and on the stability of various equilibrium configurations. In the first group of experiments, no twist was imparted to the loops and the effect of changing the parameter η through varying the length of the bounding filament was studied. Sufficiently short, untwisted loops form circular shapes. On increasing the length of the loop and hence η, these change into ellipse-like configurations. Further increasing the length leads to elongation and necking of the ellipse, leading eventually to a point of self contact. This point of self-contact expands to a line if the parameter η is increased even further. In the second group of experiments, the parameter η was held fixed and the influence of changing the parameter µ was considered. For µ = 0, the buckling analysis of Biria and Fried [4] predicts two families of saddle-like modes that bifurcate from a circular disk, the difference being that one family projects onto a circular domain and the other projects onto an elliptical domain. Only the latter modes were observed in the experiments, which suggests that the former modes are unstable. On imparting larger twist-densities to the bounding loop, this elliptical saddle buckles to a twisted figure-eight conformation. For the sake of quantitative analysis, various material and geometrical parameters determining η and µ were measured. The measurement of the Young's modulus and, consequently, of the bending rigidity, relied on the assumptions of uniformity and circularity of the cross section of the line. The first group of experiments demonstrated a discrepancy between the critical value of the parameter η at which self-contact develops and theoretical predictions. Considering that the length of the loop and the surface tension of the soap film were measured directly and with high precision, that discrepancy raised concerns about the accuracy of the measurement of the bending rigidity, and hence, the validity of the assumptions of uniformity and circularity of the cross section. Therefore, the results of the first group of experiments were used to obtain a corrective scaling to the bending rigidity of the filament. The measured parameters and the corrective scaling were employed in the second group of experiments, to obtain the associated instability diagram. The analytical and experimental results are in good agreement, more so after the correction to the parameters was applied.
A twisted elastic loop spanned by a soap film provides a striking example of the interplay between surface and edge energies reminiscent to that present in various biological systems. In particular, the problem is closely related to the behavior of lipid membranes bounded by chiral protein chains, such as discoidal high-density lipoprotein (HDL) particles. Therefore, the equilibrium shapes observed in the experiments are expected to have similar biological counterparts for relevant ranges of the two dimensionless bifurcation parameters. Indeed, Catte et al. [20] have reported analogs of the saddle and the figure-eight conformations observed here for discoidal HDL particles.
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. Preliminary identities
Assume that S is a material surface embedded in an arbitrarily chosen three-dimensional body P. Consistent with the definition in Section 3, consider a virtual deformation χ ε that alters P to P ε by mapping a generic point in P with position vector r to a point in P ε with position vector
In (A.1), is a small dimensionless perturbation parameter, and the vector fields v andṽ, which denote the first and second variations of r, are of order unity. The virtual deformation gradient
determines the virtual areal and lineal stretches, provided in the next sections, and thus is of considerable importance.
Recall that m denotes the unit normal field to S and, thus, that the perpendicular projector to S is given by
where 1 is the three-dimensional identity tensor on P. Suppose that w is a smooth field defined on P and let w denote the restriction of w to S. The surface gradient ∇ S w of the restriction of w to S is given in terms of the restriction of its three-dimensional gradient ∇w and m by
Similarly, the surface divergence div S w of the restriction of w to S is given by
Useful consequences of (A.3) and (A.4) are
along with
As a particular consequence of (A.6) and (A.7), the second invariant I 2 (∇ S v) of the surface gradient ∇ S v of the restriction of v to S is given in terms of the restriction of its three-dimensional gradient ∇v to S and m by
. Consequences of inextensibility
The virtual lineal stretch of C, denote by λ ε , is related to the virtual deformation gradient by λ ε = |F ε e|, (A. 19) which on using the expansion (A.2) and relation (∇u)e = u , results in
From (A.20), imposing the local inextensibility on C up to second order in ε requires that
Let g be defined on C. Then, by (A.21) 1 ,
Additionally,
. First variations
An immediate consequence of (A.22) is that the first variation δt of the tangent t to C can be expressed as δt = δ(r ) = (δr) = v . Since n is unit-vector valued, n · δn = 0, dotting both sides of (A.25) with n yields the first variation δκ of the curvature κ of C as δκ = n · v . where, at equilibrium, by (25), Ω = 0, considering the periodicity of the boundary, the quadratic term on the right-hand side of (A.46) can be expressed alternatively as
(A.48)
